Abstract. We study the theory of Weyl conformal gravity with matter degrees of freedom in a conformally invariant interaction. Specifically, we consider a triplet of scalar fields and SO(3) non-abelian gauge fields, i.e. the Georgi-Glashow model conformally coupled to Weyl gravity. We show that the equations of motion admit solutions spontaneously breaking the conformal symmetry and the gauge symmetry, providing a mechanism for supplying a scale in the theory. The vacuum solution corresponds to anti-de-Sitter space-time, while localized soliton solutions correspond to magnetic monopoles in asymptotically anti-de-Sitter space-time. The resulting effective action gives rise to Einstein gravity and the residual U (1) gauge theory. This mechanism allows for the possibility of considering, more seriously, conformally invariant matter-gravity theory, which has shown promising indications concerning the problem of missing matter in galactic rotation curves.
Introduction
Conformal gravity has been suggested as an alternative gravity theory which gives a partial resolution of the problem of missing matter in galaxies [1] and [2] . As it is a higher, fourth order theory of gravity, the integration of the equations of motion gives rise to two additional integration constants in comparison to the usual second order Einstein theory. Indeed, the solution analogous to the Scwarzschild solution corresponds to, in the weak field limit, the usual Newtonian potential augmented with a linear potential and a cosmological solution. The coefficient of the linear potential can be adjusted to become relevant at galactic scales. It is intriguing that a simpler theory of gravitation can give rise to a reasonable, alternative explanation for the question of missing matter.
There is another avenue of interest for the conformally invariant theory of gravitation. Evidently, conformal invariance implies that there is no prescribed scale in the field theory, it has dimensionless coupling constant. As it is fourth order in derivatives, the propagator behaves as 1 k 4 which actually ensures that the theory is perturbatively ultraviolet renormalisable [3] . It has been observed that theories with more symmetries are usually less divergent and more tractable as quantum field theories, there is some hope that conformal gravity might provide for a consistent theory of quantum gravity.
In this paper we study a particular theory of conformally invariant matter and gravitation. Even though it is a specific model we believe the results to be quite generic within this context. Anti-de-Sitter space-time arises naturally as the vacuum solution of the theory. This is interesting since AdS space-times have risen in importance over the last few years in the context of the correspondance between string theory and conformal field theory [4] . The value of the curvature of the AdS space-time is a constant but not fixed. Outside input must enter to stabilize the scale of the breaking of conformal invariance. We speculate this might come from the renormalization scale of the quantum corrections of the matter fields.
We also show numerical evidence for localized soliton solutions of the magnetic monopole type in the specific theory of the conformally coupled Georgi-Glashow [5] model. Similar solutions have been found for the case of Einstein gravity or string inspired gravity with Yang-Mills and Higgs fields, [10] , however non one has studied the case of conformal gravity. Our solutions have a non-singular core developing into an asymptotically anti-de-Sitter space-time. Such solutions would correspond to massive particles in the theory.
Conformally Invariant Action

Conformal Theory of Gravitation
Conformal Gravity is a theory of gravitation, developed on the assumption of conformal symmetry and general covariance. The geometrical structure used to translate the principle of covariance into a mathematical language is the tensorial calculus on pseudo-Riemannian differential manifolds, endowed with a metric and symmetric (i.e. torsionless) connection, in which the metric tensor is with negative signature: in the following, we will use the convention (1, −1, −1, −1); for this geometrical theory, all local properties of the space are described by the Riemann tensor. Riemann tensor is defined by the connection of the space; and the connection is given by the definition of the covariant derivative. In the following, we will represent the covariant derivative with respect to the coordinate x µ with ∇ µ . Riemann curvature tensor will be represented by R β µνρ , one contraction gives the Ricci curvature tensor R µν = R β µβν and further contraction gives the curvature scalar R = R µν g µν . The tracefree part of the Riemann tensor, called the Weyl tensor C β µνρ , is shown to be conformally invariant (see, for example, [8] ), that is, given any function Ω = Ω(x), we can perform a transformation of the metric tensor as
for which indeed the Weyl tensor is invariant
Then, the tensorial calculus on pseudo-Riemannian differentiable manifolds in which all local properties of the space are described by Weyl tensor is what mathematically represents the principles of conformal invariance and general covariance.
On the basis of such a theory, the action must be invariant under scale and coordinates trasformations, that is, a scalar built up using only Weyl tensor. Since Weyl tensor is tracefree, the only way to obtain a scalar is to contract the products of (at least) two Weyl tensors; if we consider this product as the Lagrangian density, the symmetries in the indexes of Weyl tensor give us (up to equivalence) only one possible choice. Thus, the action for the gravitational field is uniquely defined to be
The action for a gravitational field in presence of other fields is generalized as follow
where k is a constant, and where T is a scalar such that
under a conformal transformation, in order to give us the conformal invariance of the whole action.
We can define now the tensor W µν by
where
which is symmetric, tracefree and its covariant 4-divergence vanishes. On the other hand, the energy-momentum tensor is generally defined by T µν varying the term T in the action with respect to the metric tensor
T µν is symmetric and its 4-divergence vanishes, and, in the case of conformal theories, it is tracefree. Finally, the action given in equation (4) yields the field equations
in which both sides are symmetric, tracefree and conserved.
Gauge and Higgs fields in a Conformal Theory of Gravitation
In order to introduce gauge fields as a source of energy in the action, we consider a gauge potential as n 4-vectors A (a) µ so that gauge fields are
where C a bc are the structure constants of the Lie algebra of the Lie group which gives us the gauge symmetry, and such that the gauge fields transform according to the adjoint representation of the gauge group. We introduce Higgs boson also in the adjoint representation as n scalars φ (a) . The gauge covariant derivative for Higgs bosons is given by
The action for the Higgs bosons in interaction with the gauge field is found to be
Now, we can extend conformal transformation for gauge as follow
and for the Higgs as
which gives
implying that the action given in equation (12) is not conformally invariant. However, we can actually take into account that the traces of Riemann curvature tensor, the Ricci curvature tensor and the curvature scalar, are not conformally invariant; and it is possible to couple one of these tensors with Higgs fields, to give a conformally invariant term (see for example [8] ). Knowing that Higgs bosons transform according to
and that the scalar curvature transforms according to
Thus we can choose a term
for which it is actually possible to get the conformal invariance. For a 4-dimensional manifold, taking the factor χ equal to 1/6 the term
makes the sum
and consequently, the whole action, conformally invariant. In addition, it is permissible to add the Higgs field quartic self coupling λ 2 (
which is conformally invariant and a gauge invariant scalar by itself.
Finally, the conformally invariant action is given by
where e is the gauge coupling constant; this action describes gauge fields in interaction with Higgs bosons in conformally invariant gravitation.
Spontaneous Conformal Symmetry Breaking and Anti-de-Sitter Spaces
We can write the Higgs potential as
This potential is not what we need for the symmetry breaking, since the curvature scalar R is not a constant, but a function of the dynamical field corresponding to the metric.
However, in maximally symmetric spaces
where d is the dimension and b a constant: when it is b = 0 the space-time is simply Minkowski space, when b < 0 the space-time is called de-Sitter space while for b > 0 the space-time is called anti-de-Sitter (AdS) space. Non-Minkowskian spaces can provide for a non trivial solution for the stationary points of the Higgs potential. However, only AdS spaces are such that the stable stationary point of the potential correspond to symmetry breaking.
Asking that the scalar curvature to be constant is too strong a constraint, so we will make the Ansatz that the space-time is asymptotically AdS, namely
with v an arbitrary constant.
In such spaces, asymptotically the potential has two stationary points, one for φ 2 = 0 which is unstable, and the other for φ 2 = v 2 which is stable, i.e., φ 2 = v 2 is the solution which minimizes the potential. Thus we get the spontaneous breakdown of the gauge symmetry, giving mass to some of the gauge fields via the Higgs mechanism. It is important to stress the fact that gauge symmetry breaking produces massive fields which are no longer conformally invariant, this also implies that the conformal symmetry must be broken in the process.
SO(3) Symmetries
Georgi-Glashow model and SO(3) gauge symmetry
In the Georgi-Glashow model the basic assumption is that we have a triplet of Higgs bosons and a triplet of gauge fields for which the symmetry group is SO(3), namely, the structure constants of the Lie algebra are the completely anti-symmetric 3-dimensional coefficients of Ricci-Levi-Civita
The field strength is given by
and the gauge covariant derivative for Higgs bosons is given by
We can introduce the 3-dimensional notation, for which we can put
and
With this notation, we have
Then, we have
Furthermore, we can define the Nöther's charges for the triplet of scalars as follow
while the expressions for the energy-momentum tensors are
for the gauge field and
for Higgs fields. Given the gauge symmetry group, and the 3-dimensional notation, it is possible to write the action
Stationary and spherically symmetric spaces
The geometrical configuration of the spacetime we want to study is chosen to be stationary and spherically symmetric, i.e. the distribution of energy does not depend on time and it is isotropically distributed around the origin, hence, the symmetry group of the spatial isometries is SO(3).
This structure for spatial isometries allows us to consider 3 linearly independent 4-dimensional Killing vectors in spherical coordinates (t, r, θ, ϕ), given as follows
ξ (2) = (0, 0, − sin ϕ, − cos ϕ cot θ) (40)
for which
the correct representation of the symmetry group for SO(3).
The metric tensor in spherical coordinates has to be isotropic, that is there exists a system of coordinates in which it takes the form
Finally, we can make the Ansatz for which A = 1 B = 1 + h(r) for a smooth function h(r), so that
Given this metric, we can compute the connection and then the curvature tensors; the Riemann tensor has all the components equal to zero except for
while the Ricci tensor has all the component vanishing except for
and finally, the scalar curvature is given by
With all these forms, it is possible to calculate all the products and the contractions, and physical quantities related to the field equations.
We note that we had to break general covariance, in order to obtain this form for the metric tensor; breaking general covariance in order to separate time from space transformations we get that the temporal component of gauge fields has to transform separately from the spatial components. Finally, we also note that in fact the spatial symmetry SO(3) is actually the same we chose to use for the gauge symmetry.
Spatial and gauge mixed SO(3) symmetry
In the following, we will make an Ansatz based on the idea that the lowest energy solutions are those with the maximal symmetry (see [6] and [7] and also, for example, [9] ), which is SO(3); the explicit assumptions on the components of the field is then given in cartesian coordinates, for the gauge potentials
and for the Higgs field
where f (r) and g(r) have to be fixed by the field equations. In terms of the 3-dimensional notation they are
where n a is the unity vector along the a axis while for the Higgs
Since the frame we have chosen is in spherical coordinates, we must write all of the fields in spherical variables (r, θ, ϕ).
For the scalar fields there are no problems, and a simple calculation gives
For the gauge fields we can notice that the explicit expression for the Killing vectors for SO(3) in Cartesian coordinates is
and it is proportional to the explicit expression of the gauge fields itself; so we can write the relationships
and these relationships give us immediately all the properties of A, knowing ξ: then, the expression for the gauge potentials in spherical coordinates is easily given as
Now we are able to write down explicitly the fields strength and the gauge covariant derivatives of this theory; the most important are listed as follow, in which we can obtain a formal simplification, choosing
Then we get for the field strength
The non-commutative electric and magnetic fields are given by
in which the symbol of vector represents the vectors in the internal space. Here, it is worth noting that the non-commutative magnetic field has a radial part that is parallel in internal space to the scalar field.
With this, we can write the explicit form for the terms in the action
so, we have the complete expression in spherical coordinates for both the gauge and the Higgs fields, and we are able, at this point, to write down the whole action in spherical coordinates:
Field equations
We are now able to obtain the field equations of the theory, varying the action with respect to the scalar fields, the vector fields and the metric; respectively, we will get the field equations for Higgs field
for gauge fields
and for the metric
We can note the traceless nature of the energy-momentum tensor
as it should be in a conformal theory. We can also see that the conservation laws are satisfied
The whole system of field equations is then
and, in the last equation, spherical coordinates and spherical symmetry imply that only the diagonal equations are non-trivial. Furthermore, we have W Using the constraint of tracelessness we can, in fact, remove the other angular equation, leaving only the temporal and the radial equations. Finally it can be proven (see [1] and [2] ) that only one of the these two remaining equations is independent: so, we can choose a linear combination of the radial and the temporal one, to get the field equation for gravity
where the prime is the total derivative with respect to the only independent variable r.
On the other hand, the symmetries imposed reduce the Higgs field equations to the only one independent equation
and the gauge field equations to the only one independent equation
Thus, the whole set of field equations is
containing the three unknown functions h, f , a. This result can also be obtained by varying the SO(3) symmetric action with respect to the SO(3) symmetric fields h, f and a.
Solutions
Plot of the solutions
The latter field equations need eight initial conditions to be given at the origin which specify a unique solution. A simple Mathematica program finds the solutions of the type that we are looking for. A set of initial conditions can be chosen to give the solution Figure 1 . Plot of a(r), f (r) and h(r)/r 2 for e = 1.
It is worthwhile to point out that the function a related to the gauge field tends to vanish as the radius goes to infinity; correspondingly the scalar field tends to a constant value, determined by the asymptotical behaviour of the gravitational conformal field.
External solutions
We define the core of the monopole as that region in which the gauge field a is not zero. The solution outside of the core will be named the external solution. It is possible to solve the field equations exactly for the external solution. The external solutions in terms of fundamental fields are given as f ′ = a = 0, the most general is the one in which the constant value for the Higgs field is not zero. Now, field equations admit the exact solution
for any value of the free parameter k and for any positive value of the parameter v, which can be changed by conformal scaling.
In this solution we can see the presence of the Schwarzschild solution, although it will be negligible with respect to the other term, for large values of r. The quadratic term gives rise to a constant scalar curvature; for the positive coefficient λ 2 v 2 , the scalar curvature is also a positive constant, hence, the space-time is asymptotically an anti-de-Sitter space-time.
The Higgs field is a vector in the 3-dimensional internal space, with a (positive) constant norm and radial direction, therefore topologically non-trivial. Finally, the feature that the "gauge field" a vanishes means that the original gauge field g behaves as 1/r 2 . This, together with the topologically non-trivial Higgs field, leads us to the fact that the gauge fields give rise to a non-zero magnetic field strength that is purely radial, and proportional to the Higgs field in the internal space:
Here, the scalar field provides the non-commutative magnetic charge of the gauge field.
Conclusions
We have found that a theory coupling matter and gravitational degrees of freedom in a conformally invariant manner can be spontaneously broken to produce a scale in the theory. The actual value of this scale is not fixed by the spontaneous symmetry breaking.
Conformally invariant gravitation has the attractive feature that it is perturbatively renormalizable. It also gives rise to an intriguing solution of the missing matter problem at the galactic scale. The manifest lack of conformal invariance in our observable universe, on the other hand, has been somewhat of an embarrassment to proponents of conformal gravity. With the mechanism of spontaneous symmetry breaking that we have exposed in this paper, we give rise to some optimism and avenues for further research in the conformal theory of gravitation.
